We present an implementation of the nuclear spin-rotation (SR) constants based on the relativistic four-component Dirac-Coulomb Hamiltonian. This formalism has been implemented in the framework of Hartree-Fock and Kohn-Sham theory, allowing assessment of both pure and hybrid exchange-correlation functionals. In the densityfunctional theory (DFT) implementation of response equations, a non-collinear generalized gradient approximation (GGA) has been used. The present approach enforces a restricted kinetic balance condition for the small component basis at the integral level, leading to very efficient calculations of the property. We apply the methodology to study relativistic effects on the spin-rotation constants by performing calculations on XH n (n = 1-4) for all elements X in the p-block of the periodic table, and comparing * To whom correspondence should be addressed 1 the effects of relativity on the nuclear SR tensors to that observed for the nuclear magnetic shielding tensors. Correlation effects as described by density-functional theory are shown to be significant for the spin-rotation constants, whereas the differences between the use of GGA and hybrid density functionals are much smaller. Our calculated relativistic spin-rotation constants at the DFT level of theory are only in fair agreement with available experimental data. It is shown that the scaling of the relativistic effects for the spin-rotation constants (varying between Z 3.8 and Z 4.5 ) is as strong as for the chemical shieldings, but with a much smaller prefactor.
Introduction
Recently, Aucar et al. as dictated by the Lorenz factor in relativistic theory (here v is speed of the nuclei and c the speed of light), also Breit electron-nucleus terms should be considered as shown independently by Aucar et al. 4 and Xiao and Liu. 2 Indeed, this contribution was found to be negligible (less than 0.02% of the total spin-rotation constants in hydrogen halides) 5 as anticipated by Aucar et al.
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Malkin et al. 6 and Aucar et al. 4 presented the first molecular calculations of the spinrotation constants at the relativistic four-component Dirac-Kohn-Sham and Dirac-HartreeFock levels of theory, respectively. Thereafter, numerous relativistic computational studies of the spin-rotation constant have been presented, often with the focus on the consequence of using Flygare's relation [7] [8] [9] in determining the absolute shielding scale. 6, [10] [11] [12] [13] [14] Although the Flygare relation is valid in the nonrelativistic case, special care must be taken when applying the relative relation between the paramagnetic contribution to the NMR shielding tensor and the electronic part of the spin-rotation tensor in the relativistic regime. As shown in our group, 6 the breakdown of the relation has significant consequences for the absolute shielding constant of 119 Sn, leading to errors of about 1000 ppm (∼ 30% of the absolute shielding) on a series of tetrahedral tin compounds. The observed discrepancy, which displays a surprisingly atomic nature, is a purely relativistic phenomenon arising from the differences in relativistic effects on the spin-rotation and NMR shielding tensors. Therefore, to better understand the phenomenon as well as to revise the absolute shielding scales and nuclear magnetic dipole moments of different elements, one needs to have consistent theoretical formulations and computationally feasible implementations of relativistic theories for both nuclear spinrotation and NMR shielding tensors.
Recently, the evaluation of nuclear magnetic resonance parameters by means of relativistic density-functional theory has become a well-established task involving the use of restricted magnetically balanced (RMB) basis sets 15, 16 for the small component wave function. The combination of the RMB concept with the gauge-including atomic orbitals (GIAO) ensures rapid basis set convergence of the NMR results towards the basis set limits. 17, 18 Despite the complexity of the four-component formalism for the calculation of magnetic resonance parameters, modern implementations allow calculations on systems containing up to 100 atoms to be performed, [19] [20] [21] [22] [23] in particular if the two-electron integrals associated with the small component RMB basis are generated on-the-fly at the integral level. 24 Stanton and Havriliak 25 showed that the origin of the variational collapse in the calculations based on the Dirac Hamiltonian when using uniform basis set are the off-diagonal terms in the kinetic part of the Hamiltonian. The elegant solution to this problem is the use of restricted kinetically balanced basis set (RKB) for the small component of the four-component wave function. 25, 26 In contrast to the external magnetic field appearing in the NMR shielding theory, the rotational momentum of the molecule does not yield any additional non-diagonal terms in the four-component Hamiltonian, which justifies the use of a simple RKB condition for the formulation and implementation of relativistic nuclear spin-rotation theory. Despite the simplification associated with the use of RKB instead of RMB basis, there are no implementations facilitating the use of hybrid exchange-correlation functionals for the evaluation of nuclear spin-rotation tensors in the four-component regime. The main goal of the present work is therefore to fill the apparent gap, taking into account the evidence that the use of hybrid functionals typically improve results of NMR properties of complex molecular systems. [27] [28] [29] [30] In addition, we also present a new formulation of the non-collinear GGA kernels for the case of a time-reversal antisymmetric perturbation and systems with non-degenerate ground states. Finally, we apply this formalism to the study of the relativistic effects on the spin-rotation constants of the p-block hydrides, XH n (n = 1-4), meant not only as an early assessment and benchmark of the implementation, but also allowing us to study the trends in the relativistic effects on the spin-rotation constants, in particular in comparison to the relativistic effects already well established for the NMR shielding tensors.
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The remainder of the paper is organized as follows: In Section 2, we describe the theory for the relativistic calculation of nuclear spin-rotation tensors within the density-functional and restricted kinetic balance framework. More precisely, Subsection 2.1 is devoted to the calculation of the perturbation-free density matrix, followed by the discussion of a oneelectron spin-rotation Hamiltonian in Subsection 2.2, and finally in Subsection 2.3 we present working equations for the calculation of the linear response density matrix. In Section 3, we provide the computational details, and the analysis of the spin-rotation constants for pblock hydrides is presented and discussed in Section 4. Finally, we present some concluding remarks and an outlook in Section 5.
Theory and implementation
The nuclear spin-rotation tensor describes an interaction between the nuclear spin and the magnetic field generated by the rotating molecule. 9 The spin-rotation (SR) tensor can then be calculated as a bilinear derivative of the energy
where I N denotes the nuclear spin of the N-th nucleus. In this work we consider nondegenerate electronic ground states, and the total angular momentum L is therefore represented solely by the rotational angular momentum of the molecule.
Compared to the previous implementations by Aucar et al. we will not take advantage of rotational London orbitals to accelerate basis set convergence, but we believe that the basis sets used in this work are large enough to ensure near basis-set limit results. In the case when the basis set does not depend explicitly on the perturbation parameters, the SR tensor can be calculated from the expressions
where C
N,d
uv and C N,p uv denote diamagnetic and paramagnetic (or electronic) contributions to the SR tensor, respectively. From now on, superscripts (0, 0), N(u, 0), (0, v) and N(u, v) will refer to expansion coefficients in a Taylor series, such that the corresponding quantities read
Unless otherwise stated, the Hartree system of atomic units will be used throughout the paper.
Ground-state density matrix D
(0,0)
In the modern algebraic formulation of relativistic Dirac-Hartree-Fock (DHF) or DiracKohn-Sham (DKS) theory, the single-particle states (four-spinors) are expanded in a set of n basis functions {X µ } n µ=1
To ensure that the finite basis set expansion suits the relativistic variational calculations, the 
where X L µ refers to a scalar Gaussian-type function, p is the momentum operator, and σ is the vector of three Pauli spin matrices
The expansion coefficients associated with a single-particle state form a 4n-dimensional vector over the field of complex numbers, C i ∈ C 4n . Within the Lagrangian and density matrix formalisms, these expansion coefficients are obtained by minimizing the Dirac-Hartree-
subject to the orthonormality condition, C † i SC j = δ ij , where S is the overlap matrix, S µν = X µ |X ν . The four-component single-particle ground-state density matrix for a N e -electron molecular system is constructed from expansion coefficients associated with the N e lowest positive-energy states
In eq 12, h D is the matrix representation of the one-electron Dirac Hamiltonian in the RKB basis
where T is the non-relativistic kinetic energy matrix, and V Ne and W Ne are the nuclearelectron attraction matrices over the large component and small component basis, respectively. The two-electron interaction matrix G, described in the present implementation by the instantaneous Coulomb electron-electron interaction, consists of the Coulomb (J) and the exchange (K) terms
The scalar coefficient λ weights the admixture of the exact-exchange contribution with the DFT exchange-correlation part (E xc ), giving rise to pure DHF (λ = 1), pure DKS (λ = 0), or hybrid schemes (0 < λ < 1). For a detailed discussion of eq 15, see for instance ref 34 .
In the non-collinear framework, the GGA exchange-correlation energy is a functional of the electron density n, the length of the spin vector s, and their gradients ∇n, ∇s
where Σ is the four-component spin operator
Van Wüllen 35 presented the non-collinear theory for DFT potentials dependent on the electron density and the spin density. Later, Scalmani and Frisch 36 proposed a definition of the non-collinear theory including the gradient of the electron density and spin density.
Until now the discussion in this subsection is valid for any time-reversal symmetry of the ground state wave function. However, in the absence of magnetic perturbations and systems with non-degenerate ground states, the spin density, its gradient as well as derivatives of the exchange-correlation energy density ε xc with respect to s and ∇s, are zero. Then, the exchange-correlation potential obeys the simple form
Nuclear spin-rotation Hamiltonian
The relativistic theory for calculating the nuclear spin-rotation tensor C 
where c is the speed of light, Z M and R M represent the nuclear charge and position of M'th nucleus, p is the electron momentum operator,Ī is the nuclear inertia tensor with respect to the center of mass R CM , and V nuc ( r) is the nuclear potential, respectively. The vector potential generated by the N'th nucleus A I N with gyromagnetic ratio γ N , the velocity v N of nucleus N in the rigid rotor approximation, and the electronic total angular momentum operator J e can be written as
The four-by-four matrices β and α in the standard representation 37 have the form
In the work of Aucar et al., 1 the motion of the nuclei was considered to be much smaller than the speed of light, making it possible to treat the nuclei as non-relativistic particles, whereas the electrons were treated as relativistic particles. It was shown independently by , the electron-nucleus Breit interaction should be added to the SR Hamiltonian. It turns out that this contribution has negligible effect on the SR results (less then 0.02% of the total spin-rotation constants in hydrogen halides), 5 proving that the original assumption of using a non-relativistic description for the nuclei is an excellent approximation. For this reason we will here omit the electron-nucleus Breit interaction. Interestingly, Aucar and coworkers 5 showed that much more important than the electron-nucleus Breit interaction is the Gaunt contributions to the electron-electron interaction.
As already noted in the work of Aucar et al., 1 the sum of the two contributions to the SR tensor, eqs 25 and 26, will vanish at the equilibrium geometry. To rationalize this statement, it is useful to rewrite these contributions
where E( R N ) is the total electric field operator at nucleus N. The term in eq 33 is bilinear in the nuclear spin and angular momentum and will therefore enter in the final expression for the SR tensor as a diamagnetic term. When noting that diamagnetic contributions are expressed in perturbation theory as inner products over perturbation-free wave functions, it is clear that eq 33 will vanish at the equilibrium geometry since Z N E( R N ) is the operator of the total force acting on the nuclei. In this work, we have also performed geometry optimization at the four-component Dirac-Kohn-Sham level of theory, and therefore the term in eq 31 can be neglected when the same basis set and DFT functional are used in calculations of the spin-rotation tensor. On the other hand, for non-equilibrium geometries or inconsistent calculations involving different exchange-correlation functionals or basis sets, eq 31 gives a non-vanishing contribution that cannot be neglected.
Linear response density matrix D (0,v)
In the following, summation over repeated indices is assumed and the following index notation is employed: i, j denote occupied positive energy molecular orbitals (MOs), a unoccupied positive and negative energy MOs, p all MOs, µ, ν are used for basis function indices and Cartesian directions are indexed by u, v, k, l, m.
In four-component theories, special attention must be paid to the choice of basis sets.
For the off-diagonal four-component operators it is crucial to properly balance the basis set for small component wave functions. 15, 25 
Since the MOs ϕ i ( I N , L) are orthonormal, the expansion coefficients β v pi satisfy the relation
Then, the linear response density matrix can be written as
Employing standard techniques from perturbation theory, the beta coefficients can be expressed as
where
are the matrix elements of the one-electron operator h SR defined in Section 2.2 and
denotes the kernel of the two-electron contribution to the energy contracted with the linear response density matrix. Since the angular momentum L is a time-reversal antisymmetric perturbation, the linear response contribution to the electron density is zero, and thus the Coulomb term (J) does not contribute to the kernel. The final matrix elements of the kernel can therefore be written as
where the Dirac-Hartree-Fock exchange contribution K µν was defined in Section 2.1. Finally, the non-collinear exchange-correlation kernel for a GGA functional (for the case of a nondegenerate ground state) has the form
Note that the density of a non-degenerate wave function in the case of time-antisymmetric perturbations satisfies the relations substituted with the length of the spin density s v and its gradient ∇s v . As a final step, the collinear operator is transformed to the laboratory frame using the unitary transformations
After some tedious but straightforward derivations, eq 39 is recovered.
Computational details
All calculations have been performed using a development version of the four-component relativistic DFT program ReSpect. 44 The molecular geometries were optimized at the relativistic Dirac-Kohn-Sham level of theory employing the BP86 functional 45, 46 and the uncontracted all-electron Dyall valence triple-ζ basis sets (denoted as dyall-vtz). [47] [48] [49] For all systems, convergence to 10 −5 for the norm of the molecular gradient was achieved, with the exception of H 2 Te and H 2 Po, where a more loose threshold of 10 −4 was used. The optimized geometries are listed in Table 1 .
The spin-rotation constants were calculated with the Dirac-Hartree-Fock and DiracKohn-Sham methods, in the latter case using the ordinary non-relativistic density functionals The choice of the basis set is justified by our earlier study, where we showed that the basis set convergence is achieved at this level of basis set quality. 13 The small component basis of the restricted kinetically balanced type was used in the spin-rotation constant calculations, whereas the NMR shielding calculations required the use of a more elaborate restricted magnetically balanced concept. 15 Non-relativistic results are obtained using the same functionals and basis as in the relativistic calculations. In all spin-rotation calculations, the center of nuclear mass was chosen as the center of rotation of the molecule. For the purpose of a direct comparison with the spin-rotation results, the gauge origin was also placed at the center of nuclear mass in the NMR shielding calculations. In the work of Xiao and Liu, 2 the authors also included the vibrational motion of the nuclei. Since the major focus of the current work is on the implementation of four-component relativistic calculations of spin-rotation constants, we neglected such corrections here. Finally, the nuclear g-factors used in all calculations are taken from ref 54 with the exception of g( 209 Po) and g( 210 At) for which no experimental data exist, and therefore a g-factor of 1.0 was chosen for these nuclei.
Before proceeding to the discussion of the results, let us first comment on different conventions used by experimentalists when choosing the axis system for the spin-rotation tensor.
In order to compare our results with experimental values, we have followed the conventions used in the respective publications. The conventions are as follows: For the HX, H 2 X, and the two XH 3 series, we have calculated the spin-rotation tensor C in the principal axes of the nuclear inertia tensor I, and the diagonal elements of the spin-rotation tensor (C aa , C bb , C cc ) are considered. If the eigenvalues of I are degenerate, we take the average value of the respective diagonal components of C (if the two components of C are also equal, we emphasize it using the notation C ii = C jj ). In the case of the HX series, this results in two components being degenerate and one component being identically zero for both tensors.
For H 2 X, there are no degenerate components, and for XH 3 two eigenvalues of the nuclear inertia tensor are degenerate. In the case of NH 3 , Kukolich 55 published results for a specific orientation of the axes system. The z axis is the C 3 symmetry axis, the x and the y axes are parallel to the plane of the hydrogens, with the x axis in the plane spanned by the z axis and one of the N-H bonds, and the y axis perpendicular to that plane. The XH 4 series is a special case since all three eigenvalues of I are degenerate. In contrast to the other molecules, eigenvalues of the spin-rotation tensors have been reported. 56 The eigenvalues of the spin-rotation tensor on the heavy atom are all degenerate, whereas on the hydrogen atoms, two of the eigenvalues are identical. We label the degenerate components as C ⊥ and the third component as C . The published isotropic C iso and anisotropic C ani values are then defined as C iso = (C aa + C bb + C cc )/3 and C ani = C ⊥ − C , respectively.
Results
We will first compare our results to experimental data for the individual groups, before we look in more detail on the scaling behavior of the relativistic corrections to the spin-rotation constants. Our results for the calculated spin-rotation constants together with available experimental data are collected in Tables 2-6 .
Spin-rotation tensors of the group 17 hydrides are collected in Table 2 14 The spin-rotation constants of HCl was also recently studied at the ab initio level, including also relativistic corrections.
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There are several things to note from the data in Table 2 . First, the correlation effect as described by DFT is quite sizeable, both for the heavy atom and for the hydrogen. Part of this effect is due to the fact that spin-orbit corrections contribute both to the heavy- effects increase the magnitude of the spin-rotation constants for the heavy elements. In contrast, for the hydrogen spin-rotation constants, correlation increases the magnitude of the spin-rotation constants for the lighter hydrogen halides, has almost no effect for hydrogen bromide, and reduces the magnitude for the two heaviest hydrogen halides.
Another noteworthy observation from Table 2 is that relativistic effects are almost negligible for the heavy-element spin-rotation constants, with the exception of hydrogen astatide.
In contrast, relativistic effects are noticeable for the hydrogen spin-rotation constants, increasing from about 1.5% even for hydrogen fluoride, to more than 100% for hydrogen iodide and almost 400% in the case of hydrogen astatide. This is due to the predominance of spin-orbit effects in determining the total relativistic correction, an effect that in general is more important for lighter elements close to heavy elements than for the properties of the heavy elements themselves.
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Turning our attention now to the hydrogen chalcogenides, our results together with available experimental data are collected in Table 3 . We recently performed a highly accurate calculation of the spin-rotation and nuclear magnetic shielding constants of H 2 17 O and H 2 33 S,
showing that relativistic effects are important in order to derive accurate absolute shielding scales, and also that relativistic effects need to be taken into account when comparing accurate coupled-cluster results with experimental spin-rotation constants even for as light an element as 33 S.
The data in Table 3 shows many of the same trends as observed in the case of the hydrogen halides: Rather small relativistic corrections to the spin-rotation constants of the heavy nucleus, with only the heaviest members as exceptions; Sizeable relativistic corrections to the hydrogen spin-rotation constants, fairly large electron correlation effects as described by DFT and in general poor agreement with experimental data. Although zero-point vibrational corrections are non-negligible, 59 they are in general not sufficient to significantly improve the agreement between our DFT results and experimental data.
In Table 4 we have collected our results for the hydrides of the pnictogens together with available experimental data for ammonia and phosphine. It is interesting to observe that for ammonia, for the C aa = C bb components of the nitrogen nucleus as well as for the (C aa + C bb )/2 component of hydrogen, electron correlation effects as described by DFT are rather small, and this is also partly the case for phosphine. Interestingly, for these components, zero-point vibrational corrections are sizeable (about 1 kHz) 60 and much more significant than both electron correlation as well as relativistic effects. This contrasts with the C cc component for nitrogen, where zero-point vibrational corrections are negligible. In terms of the importance of the relativistic corrections, the results follow the trends observed for the group 16 and 17 hydrides, although it would appear that the relativistic effects are less strong for the hydrogen spin-rotation constant than observed further to the right in the periodic table.
These small changes in the importance of relativistic corrections for the hydrogen spinrotation constants becomes further accentuated as we move to the hydrides of the carbon group (Table 5) . Indeed, for the isotropic hydrogen spin-rotation constant, the relativistic corrections are negligible, whereas somewhat larger relativistic corrections are seen for the anisotropic spin-rotation constant (amounting to about 25% in the case of plumbane). Also for the heavy elements the relativistic effects are limited, being at most 50% in the case of plumbane, and less than 12% for the lighter hydrides of the carbon group.
For the hydrides of the boron group (Table 6) , no experimental data are available, and we do therefore not discuss these results in any further detail here. The effects of relativity on the spin-rotation constants follow largely the trends observed for the hydrides of the pnictogens, with the notable exception that the (C aa + C bb )/2 component of the hydrogen spin-rotation constant has a very significant relativistic effect, and in particular for the heaviest members with TlH 3 being an extreme case.
Overall, agreement with experiment is seen to be poor, with the DHF results in general being in better agreement with experiment than both the relativistic B3LYP and BP86
results. This is due to limitations in current exchange-correlation functionals for the description of magnetic properties. We have recently demonstrated that agreement of calculated spin-rotation constants using DFT level of theory with accurate coupled-cluster singles and doubles with perturbative triples [CCSD(T)] is poor for molecules such as water and hydrogen sulfide. 59 In contradiction to trends in the results for compounds containing only light elements the DFT give significantly better agreement with experiment for Stannane (see Table 5 ). Therefore to draw any definite conclusions one need to study larger set of experimental data including systems containing heavy elements.
Let us now turn to a more qualitative assessment of the relativistic effects on the spinrotation, and in particular the scaling of the relativistic effects with the charge of the heavy element in these p-block hydrides. In the left part of Figures 1-5 , we present scaling of the relativistic contributions to the spin-rotation constants of the heavy atoms. As already noted in ref 1, the spin-rotation constants are less affected by relativistic effects than the NMR shielding constants. However, we see from Figures 1-4 this is due to a smaller prefactor rather than by a reduced scaling factor with respect to the nuclear charge of the heavy element.
Interestingly, the scaling of the electronic contribution to the SR constants is in most cases a bit higher than for the paramagnetic contribution to the NMR shielding constants. The only exception to this rule is the H 2 X series, where the prefactor is of the same order as for the shielding constant, but where instead the scaling is smaller for spin-rotation constants.
In the right part of Figures 1-4 , we demonstrate the failure of the non-relativistic Flygare relation 9 between paramagnetic contribution to the NMR shielding constants and electronic contribution to the spin-rotation constants. Indeed, for the lighter elements, relativistic effects are negligible for both properties (except in the case of highly accurate calculations), whereas with increasing atomic number, the difference in relativistic correction in the two properties breaks this relation. As shown in ref 1, in perturbation theory both properties share some of the relativistic contributions, where all contributions to the SR tensor are present in the NMR shielding tensor. Therefore, the more profound relativistic effects for the NMR shielding tensor can be attributed to the additional atomic relativistic contributions otherwise missing in the spin-rotation tensor.
For the hydrogen halides, the nonsystematic effect of relativity on the heavy-element spin-rotation constants (see Figure 5 ) prevented fitting the scaling properties.
Summary and concluding remarks
We have presented an implementation of the nuclear spin-rotation constants at the relativistic four-component Dirac-Coulomb Hartree-Fock and Kohn-Sham density-functional levels of theory, using both pure and hybrid exchange-correlation functionals. In the DFT im-plementation, a non-collinear generalized gradient approximation has been used. To ensure efficient evaluations of the spin-rotation constants, the restricted kinetic balance condition has been imposed at the integral level.
We have applied this new formalism to investigate the effects of relativity on the spinrotation constants of both the hydrogen and the heavy atoms of the p-block hydrides. It is shown that relativistic corrections to the spin-rotation constants of the heavy elements are smaller than the corresponding relativistic corrections to the shielding constants in terms of the relative magnitude of the relativistic corrections. However, in terms of the scaling of the relativistic effects with nuclear charge of the heavy element, the scaling laws are comparable, with the spin-rotation constants showing a somewhat more rapidly increasing relativistic effects with an exponent of the scaling factor varying between Z 3.8 and Z 4.5 , whereas the scaling of the paramagnetic contribution to the shielding constants varies between Z 3.3 and
The origin of the difference in the relativistic corrections thus largely arises from a much smaller prefactor for the spin-rotation constants than for the shielding constants.
In contrast, relativistic corrections to the hydrogen spin-rotation constants are as large as the relativistic corrections to the proton shieldings. These results are due to the fact that whereas the spin-rotation constant is largely dominated by the spin-orbit interactions both for the hydrogen and heavy atoms, there are additional, large relativistic atom-centered contributions to the shielding constants, giving much larger relative corrections to the shielding constants of heavy elements than is observed for the relativistic corrections to the heavyelement spin-rotation constants.
Accurate experimental spin-rotation constants can be determined from the hyperfine structure of rotational microwave spectra. The agreement between our relativistic fourcomponent DFT results, using both GGAs and hybrid functionals, and accurate experimental data is in general poor. As electron correlation effects, as described by density-functional theory, are found to be fairly substantial, and four-component relativistic Hartree-Fock theory gives much better agreement with experiment, it is clear that current relativistic exchange-correlation functionals are not accurate enough for the systematic study of spinrotation constants. As a consequence, there is reason for concern regarding the accuracy of current exchange-correlation functionals also for DFT calculations of nuclear magnetic shielding constants, as previously noted, 60 giving support for the use of chemical shifts when comparing DFT calculations of shielding constants with experimental observations. 
32,61

